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A Finite-Element Analysis Including Transverse Shear
Effects for Applications to Laminated Plates

C. W. PRYOR JR.*
McDonnell Douglas Corporation, St. Louis, Mo.

AND
R. M. BARKERf

Virginia Polytechnic Institute, Blacksburg, Va.

A finite-element analysis technique which includes the effects of transverse shear deforma-
tion and is readily adaptable to arbitrary laminated plates is described. The discrete element
employed is a rectangle with 28 degrees-of-freedom which include extension, bending, and
transverse shear deformation states. The displacement formulation is based on a refined
theory for laminates which allows the deformed normal to rotate to include transverse shear
deformations. Results for plate deformations and internal stress distributions, including
transverse shear stresses, are shown to compare quantitatively with the theory of elasticity
for selected example problems. Additional results for laminate deformation behavior are in
good agreement with the shear deformation theory of Ambartsumyan. The method described
can easily be incorporated into existing matrix analysis schemes which can then be used with
confidence in analyzing advanced composite structures.

Nomenclature

a,b = in-plane dimensions of rectangular plates, in.
AH = in-plane constants in laminate constitutive

equations, Ib/in.
BH = coupling constants in laminate constitutive

equations, Ib.
DH = bending constants in laminate constitutive

equations, Ib-in.
DSij = shear constants in equations for shear stress

resultants, Ib/in.
E = quasi-isotropic modulus, Ib/in.2
e = superscript denoting element e
En,EM = longitudinal and transverse moduli for ortho-

tropic material (parallel and transverse to
fibers), Ib/in.2

Gn,Gi3,Gw = shear rigidities for orthotropic material with
reference to principal elastic axes, Ib/in.2

h = laminate thickness, in.
n = total number of layers in laminate
q — transverse uniform load, Ib/in.2
go = maximum intensity of sinusoidal load, Ib/in.2
Qn = constants in lamina constitutive equations with
_ reference to lamina principal axes, Ib/in.2
Qn = constants in lamina constitutive equations with

reference to laminate reference axes, Ib/in.2
U°,VQ = extensional displacements of laminate midplane

in the x and y directions, in.
u,v,w = displacements of any point in the laminate

in the x, y, and z directions, in.
U = internal strain energy, Ib-in.
a.i = constant coefficients in displacement functions
yxy,7xzj7yz = shear strains at any point in the laminate
€*Vy°»7*/ = strains of the laminate midplane
7x,jy = "average" transverse shear strains at the laminate

midplane
ex,ey,ez = normal strains at any point in the laminate
vij = Poisson's ratio with reference to lamina principal

elastic axes
<rx,(Ty,<Tz = normal stresses at any point in the laminate,

Ib/in.2
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6 = angle between lamina and laminate reference
axes (positive when measured counter-clock-
wise from laminate to lamina axes)

Txy,TXZlryz = shear stresses at any point in the laminate,
Ib/in.2

4>x,<l>y ~ total rotations of sections x = const and y —
const

Xx,Xv)Xxy = components of plate curvature, in."1

[&.E] , [bs], [bs] — matrices relating strains and curvatures to
nodal displacements

[k]e = element stiffness matrix
[M] = vector of moment stress resultants Mx, My,

and Mxy
[N] = vector of in-plane stress resultants NX) Ny, and

Nxy
[Q] = vector of shear stress resultants Qx and Qy
[r] = matrix relating nodal displacements to the

displacements of any point in the laminate
[u] = vector of displacements for any point in an

element
[u]e = nodal displacements for element e

Subscripts

1,2,3 = lamina reference coordinate system
B,E,S = reference to bending, extension and shear, re-

spectively
x,y,z = laminate reference coordinate system

Introduction

RECENT developments1"7 in the analysis of plates
laminated of orthotropic materials have indicated that

the thickness concept, as it is known for isotropic plates, is
different for heterogeneous' anisotropic plates. For such
plates, the distortion of the deformed normal due to trans-
verse shear is dependent, not only on the laminate thickness,
but also on the orientation and degree of orthotropy of the
individual layers. Thus, it is evident that to establish a
rational laminate analysis technique which can be applied
to conventional composite structures, the effects of transverse
shear deformation should be included.

Ambartsumyan1 has developed a shear deformation theory
for "specially" orthotropic, symmetric laminates. The
theory is based on assumed distributions of the transverse
shear stresses rxz and ryz in each layer. Whitney2 has ex-
tebded this theory to symmetric laminates with arbitrary
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layer orientations and has presented results for gross plate
behavior (static deflections, buckling loads and natural fre-
quencies). Comparisons with exact elasticity solutions for
the cylindrical bending of cross-ply laminates given by
Pagano3 indicated the accuracy of these results. It was
noted, however, that because of the assumptions made, the
transverse shear stress distributions did not compare quanti-
tatively with those of the theory of elasticity.

The investigations discussed above are useful in establishing
behavioral trends for laminated plates and in defining the
range of applicability of classical thin-plate theory. How-
ever, because of the complexity of the theories used, the
analyses are severely limited in application and their in-
corporation into conventional iterative design procedures
would be cumbersome if not impossible.

It is the purpose of this paper to give a brief description of
a finite-element analysis technique which includes transverse
shear effects and is readily adaptable to laminated aniso-
tropic plates. Because the transverse shear stresses rxz and
Tyz are derived from the equilibrium equations of elasticity
for each layer, quantitative comparisons with exact elasticity
solutions3 are obtained. Results are presented for gross
plate behavior which substantiate those of Whitney,2 and
additional results for internal stress distributions indicate the
influence of transverse shear, especially near plate edges.
It is believed that the discrete element employed can easily
be incorporated into existing multipurpose computer pro-
grams which can then be used with confidence in analyzing
advanced composite structures.

General Theory

Each layer in the laminate is assumed to be in a specific
three dimensional stress state so that the constitutive rela-
tions for a typical lamina k with reference to the laminate
coordinate axes (x,y,z) can be written as

ffy
TXy
Txz

"On 0
0
0

0
0

Jxy

Jxz
(i)

where the Qa are determined in the usual manner by trans-
forming the coefficient matrix Qi3 in the stress-strain relations
from the lamina principal elastic axes (1,2,3) to the laminate
reference axes and

u = (J
(2)

13, s5 =

The normal stress az
k is assumed negligible and is omitted in

this development.
The relationships between the strains at any point in the

laminate and the corresponding deformations are based on
assumptions regarding the kinematic displacement modes for
points in the laminate. In this theory, the classical Kirchoff-
Love assumption for normals to the midplane is relaxed in
favor of the assumed deformation mode shown in Fig. 1.
The angles <t>x and 4>y are the total rotations of sections x =
const and y = const, respectively, and are given by

jx(x,y)
yy(x,y)

(3)

where yx and jy are "average" transverse shear strains.
It can be shown that Eqs. (3) with a shear coefficient (an
estimate of section warping and a multiple of 7) of f are
identical to analogous equations of the widely accepted
Reissner theory.9 They are employed in this development
because, as will be shown, they can be conveniently incor-
porated into a finite-element displacement formulation.

INITIAL CONFIGURATION OF NORMAL
TO MIDPLANE

x

DEFORMED CONFIGURATION
OF NORMAL

Fig. 1 Assumed deformation mode for normals to the
midplane.

The displacements of any point in the laminate are given by

u(x,y,z) = u"(x,y,Q) - z<l>x(x,y)
v(x,y,z) = vQ(x,y,Q) - z<t>y(x,y) (4)
w(x,y,z) - w(x,y,G) = w(x,y)

The linear strain-displacement relationships for small de-
formations can then be written as

= 0

(5)

where

5t;°/5a;
(6)

The stresses in a typical lamina k can be written in terms
of the midplane strains and curvatures by substituting Eqs.
(5) into the constitutive Eqs. (1) to give

(7)

(8)

The stress resultants are determined in the usual manner
by appropriate integration of Eqs. (7) and (8) over the thick-
ness of layer k and summation over all n layers of the laminate.
The results are

B ~D
and

[Q]-
where

-/.
DS,, =

h/2

-h/2

h/2

-h/2

t,y=> 1,2,6

Equations (9) are different from analogous equations of
classical laminated plate theory since the effects of transverse
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EXTENSION (8 DOF)

u° « [ I, x, y, xy jj/ij] (i = |,4)

v* s [ I, x, y. xy ][o.j] (j = 5,8)

BENDING (12 DOF) SHEAR (8 DOF)

[ I, x, y, x2, xy, y2, x5, x2y, rx = [ I, x, y, xy ][ct,]

xy2, y3, x3y, xy3 ][ak] (k=9,20) (1 = 21,24)
= !* + ?, ry = [ I, x, y, xy][am]

_ dw _ (m=25,28)

Fig. 2 Displacement fields for
rectangular plate element (28

DOF).

shear are included in the plate curvatures [% ]. Because of the
assumptions made in formulating the last two of Eqs. (5),
the transverse shear stresses rxz

k and ryz
k are not accurately

given by Eqs. (8). That is, it is not reasonable to assume
that the transverse shear strains in each lamina are equal
to the "average" transverse shear strain 7 which occurs at
the laminate midplane. For this reason, the transverse
shear stresses are determined using the equilibrium equations
of elasticity for each layer. These are for the ith layer

T\Z,Z = —— ((TVs + T^y.y), T»"va,* = ~ ((T''y ,y + T^y.x) (11)

assuming that body forces are negligible. The terms on the
right-hand side of the preceding equations can be determined
by performing the indicated partial differentiations on Eqs.
(7) for the iih layer. The stresses rxz

k and ryz
k can then be

determined by integrating Eqs. (11) over the thickness of
layer i and summing from either the top or bottom surface
of the laminate to layer k. This is done assuming that there
are no shearing tractions on the top and bottom surfaces of
the laminate and the stresses TXZ and ryz are continuous be-
tween layers. The resulting expressions give the stresses
rxz

k and ryz
k in terms of the midplane strains and curvatures.

The expressions are lengthy and for brevity are omitted
herein. It should be noted that because of the integration
over the thickness of the laminate, Eqs. (10) should give an
accurate representation of the shear stress resultants Qx and
Q».

Now, the displacements Eq. (4), the midplane strains and
curvatures Eq. (6), the stresses Eqs. (7) and (11), and stress

resultants Eqs. (9) and (10) are given explicitly in terms of
the deformations (vP,v*yw,yXtyv) of the laminate midplane.
Therefore, a finite-element displacement formulation can
conveniently be used to completely define the elastostatic
behavior of the laminate in terms of the midplane deforma-
tions.

Finite-Element Displacement Formulation

The solution accuracy of the finite-element displacement
formulation depends on the ability of assumed functions to
accurately model the deformation modes of the structure.
For the elastostatic response of laminated plates, in which
the effects of transverse shear are included, it is thus impera-
tive that extension, bending and shear deformation states and
their interaction be modeled correctly. To accomplish this,
a rectangular flat plate element shown in Fig. 2 with seven
degrees-of-freedom at each nodal point is employed. The
displacements of any point in the element can be written in
terms of the surrounding nodal displacements by inserting
the nodal coordinates into the displacement functions shown
in Fig. 2 and performing a customary inversion and substi-
tution (see for example Refs. 8 and 10) which results in

W = (12)
where [r] is an interpolation matrix, [u]e are the displacements
of the nodes surrounding element e, and

[u]T = [u

CLASSICAL LAMINATED
PLATE THEORY

Fig. 3 The effect of transverse shear
on the deflection of a square, glass-
epoxy laminate subjected to a sinu-

soidal load.
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THICKNESS RATIO, h/a
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the deflection of a square, graphite- !±| 5
epoxy laminate subjected to a sinusoidal ^
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The midplane strains and curvatures can be written in
terms of the nodal displacements by performing the opera-
tions indicated in Eqs. (6) on Eqs. (12) to give

[e°] = [&*][*]•, be] = V>B][U]; [y] = [ba][u]< (13)
The subscripts E, B, and S refer to extension, bending, and
shear, respectively.

The internal strain energy of the element can be deter-
mined by integrating the products of in-plane stress resultants
and extensional strains, moment stress resultants and bending
curvatures, and shear stress resultants and shear strains over
the area of an element. The result is

u = If A

\ fA [Q]T(y]dA (14)

Substituting Eq. (13) and the expressions for [N], [M], and
[Q] given in Eqs. (9) and (10) into Eq. (14) results in the
following expression for the internal strain energy

U = ifoKftMw]' (15)
Where [k]e is the stiffness matrix for element e and is given as

[*]• = SA {[bE]T[A][bE] + [bB]T[B][bE]}dA +
SA {[b*¥[B][bB] + [bBnD](bB]}dA +

SA {[banD8][ba]]dA (16)

The nodal displacements can be determined by performing
a stiffness analysis of the entire laminated plate structure.
External loadings and boundary conditions are subject to the
usual finite element analysis considerations. Once the nodal
displacements are known, the complete elastostatic response
of the laminate is defined.

Numerical Examples and Discussion

To test the validity of the finite-element analysis technique
and to establish its range of applicability, several numerical
examples were investigated. The first of these were sym-
metric, cross-ply (00/90°/90°/00) laminates. These ' ex-
amples were studied for the purpose of comparing finite-
element results with those of Ambartsumyan's theory1 which
was applied by Whitney.2 Figures 3 and 4 show results for
the variation of a maximum nondimensional deflection

CLASSICAL LAMINATED
PLATE THEORY

0.05 0.10 0.15

THICKNESS RATIO, h/a
0.20 0.25

parameter with plate thickness ratio h/a ,for^ square glass-
epoxy and graphite-epoxy laminates. The plates were
simply-supported on all edges and subjected to a sinusoidal
loading of the form <?o sin7rx/a shi7r?//6. " The boundary condi-
tions and material properties are described in detail in Ret 2.

Good agreement is obtained with the results of Whitney2

for both the glass-epoxy and the graphite-epoxy laminates.
For the glass-epoxy laminate in which the modulus ratio
En/EM is 3 for each ply, the increase in deflection due to
transverse shear is 8.6% at a thickness ratio 'h/a - 0.1. For
the graphite-epoxy ($n/E22 = 40), th^iprease in deflection
is 50% at a thickness ratio h/a = 0.1, It is apparent then,
as indicated by Whitney, that the effects of transverse shear
on the deflection behavior of these -cross-ply laminates are
considerably increased with the degree ,of orthotropy of the
individual layers. Thus, the criteria for applying classical
thin-plate theory to laminated composite' plates is not as
simply defined as it is for homogeneous isotropic plates.

Figure 5 shows results of two finite-element analyses for the
distribution of transverse shear stresses rxz and ryz through
the thickness of the cross-ply (00/900/90°/00) graphite-epoxy
laminate discussed previously. The particular laminate
studied had a thickness ratio h/a = 0.2 and was subjected
to a uniform load q. The edges were simply-supported as in
the previous case. Results of the finite element analysis
which does not include shear deformations were given by
Pryor.10 The finite-element idealization used here, as in the
previous case, was a 6 X 6 mesh which modeled the behavior
of one quarter of the plate. The stresses were computed at
the element centers which explains the fractional locations
(a/24, 1 la/24) shown in Fig. 5.

Considerable difference can be noted in the results of the
two analyses, particular in the distribution of transverse
shear stress parallel to the edges nea-r the edges. This is also
true for thick isotropic plates but the differences are not as
pronounced indicating again the influence of material proper-
ties and transverse heterogeneity. Similar results based on
the theory of elasticity were presented by Pagano.5

Figure 6 shows results for the cylindrical bending of an in-
finite crossply (0°/90°) laminate subjected to a sinusoidal
load of the form g0 sm-rrx/a. This example was studied for
the purpose of comparing finite-element results with those of
elasticity solutions given by Pagano.3 The simple-support
edge conditions and material properties are described in detail
in ref. 3. For the thick plate (h/a = 0.25) considered, the
results of both finite-element analyses are in good agreement
with those of the theory of elasticity for the normal stress vx
distribution and the deformed normal configuration.



916 C. W. PRYOR JR. AND R. M. BARKER AIAA JOURNAL

.ELASTICITY SOLUTION (3) E,,/E2

h/a = 0.20
EM/E22=40

_FINITE ELEMENT WITH S.D.
..FINITE ELEMENT WITHOUT S.D. (10)

a) ELEMENT I — STRESSES AT

b) ELEMENT 2 —STRESSES AT

Fig. 5 Transverse shear stresses in a symmetric (0°/90°/
90°/0°) graphite-epoxy laminate.

Figure 7 shows results for the cylindrical bending of a
symmetric crossply (0°/90°/0°) laminate. The loading and
boundary conditions are identical to those of the preceding
case. For this example, both finite-element analyses give a
poor approximation to the deformed normal configuration.
The theory described in the preceding sections is based on the
assumption that the deformed normal remains straight but
not normal to the midplane. This gives a good approxima-
tion for the two layer asymmetric laminate but errs for the

h/a = 0.25
E,,/E22=25

___ELASTICITY SOLUTION (3)
__-FINITE ELEMENT WITH S.D.
_____.FINITE ELEMENT WITHOUT S.D. (10)

-0.4 -0.3 -0.2 -O.I O.I 0.2 0.3

0-x(a/2,z)

Fig. 6 Typical results for the behavior of a two-layer,
graphite-epoxy, cross-ply laminate in cylindrical bending.

_._._. FINITE ELEMENT WITH S.D.
____.FINITE ELEMENT WITHOUT S.D. (10)

INTERFACES -<

_ E22u(0,z)
= ~

, h/a = 0.25
_ _TX Z (0.Z )

, h/a =0.25

r- 10 20

h
2

crx (q /2 ,z) 0 at x = 0for h/a = O.IO

Fig. 7 Typical results for the behavior of a three-layer,
graphite-epoxy, cross-ply laminate in cylindrical bending.

three layer plate where the center layer warps causing a
severe discontinuity in the slope of the deformed normal at
the layer interfaces.3 This results in a maximum transverse
shear stress occurring in the facing layers and not in the core.
Despite the poor approximation to the deformed normal con-
figuration, the finite element results for the stress distribu-
tions compare quantitatively with those of elasticity. Figure
7 also indicates the rapid convergence of finite element results
to those of elasticity as the thickness ratio h/a is decreased.

These results indicate that a more general approach to the
analysis of the problem should include a separate angle of
rotation for each layer in the laminate, instead of the present
assumption of only one rotation of the midplane through the
entire thickness of the plate. Such a three dimensional
analysis was considered, but was deemed not feasible because
of the increased computational effort required. In the pres-
ent analysis, a typical area in the xy plane bounded by four
nodes has a total of 28 degrees-of-freedom (DOF). If an
eight node three dimensional element with 24 DOF is used
for each layer, a three layer laminate will require 48 DOF for
the same xy area. As additional layers are added to the plate,
and displacement functions beyond the linear are used, the
difference between the total number of DOF required be-
comes even greater. Undoubtedly, the three dimensional
analysis would give a better representation of the deformed
normal, however, the improvement in the stress distribution
would be small compared to the large increase in computa-
tional effort.

Conclusions
It has been demonstrated in this investigation that the

versatile finite-element analysis technique, when based on the
governing equations of a refined theory, can accurately pre-
dict the complex stress and deformation behavior of lami-
nated anisotropic plates. It is believed that the method can
conveniently be extended to the analysis of a larger class of
laminates with varied loading and support conditions. Re-
sults for plate deformations and internal stress distributions
are shown to compare favorably with the theory of elasticity
for selected example problems. Further, results for gross
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plate behavior substantiate those of Ref. 2 which were ob-
tained using a shear deformation theory developed by
Ambartsumyan.1 To the authors' knowledge, this is the
only other shear deformation theory developed specifically
for applications to laminated plates.

Other numerical results indicate that the criteria for apply-
ing thin-plate theory (CPT) to laminated plates is not well
defined. For example, for certain laminates, the deformed
normal severely warps causing the maximum transverse shear
stress to be carried in the facing layers. Limits on the
lamina thicknesses, the material types and layer orientations
which ensure that this undesirable effect does not occur need
to be established.
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Buckling of Stiffened Multilayered Circular Cylindrical Shells
with Different Orthotropic Moduli in Tension and Compression

ROBERT M. JONES*
The Aerospace Corporation, San Bernardino, Calif.

An exact buckling criterion, within the framework of classical buckling theory, is derived for
eccentrically stiffened multilayered circular cylindrical shells made of materials that have
different orthotropic moduli in tension and compression. Such behavior is typical of many
current composite materials. The buckling criterion is valid for arbitrary combinations of
axial and circumferential loading, including axial compression and internal pressure as well
as axial tension and lateral pressure. The material model (stress-strain relationship) involves
a bilinear stress-strain curve that has a discontinuity in slope (modulus) at the origin. A
numerical example of buckling of a ring-stiffened two-layered circular cylindrical shell is given
to illustrate application of the buckling criterion.

Nomenclature f

a = ring spacing (Fig. 3)
A = cross-sectional area of a stiffener
AH = coefficients in buckling criterion Eq. (30)
b = stringer spacing (Fig. 3)
Bij = extensional stiffnesses of the layered shell
dj = coupling stiffnesses of the layered shell
Dij = bending stiffnesses of the layered shell
E = Young's modulus of an isotropic material
EX,EV = Young's moduli in x and y directions, respec-

tively
E& = Young's modulus at 45° to principal axes of

orthotropy
G = shearing modulus, E/[2(l + *>)], of a stiffener
I = moment of inertia of a stiffener about its

centroid
/ = torsional constant of a stiffener
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* Member of the Technical Staff, Theoretical Mechanics

Section; presently Associate Professor of Aerospace Engineering/
Mechanical Engineering and Solid Mechanics, Southern Method-
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f A comma indicates partial differentiation with respect to
the subscript following the comma. The prefix 8 denotes the
variation during buckling of the symbol which follows.

kx,ky = weighting factors in compliance matrix Eq. (5)
KH = stiffnesses in stress-strain relations Eq. (7)
L = length of circular cylindrical shell (Fig. 3)
m = number of axial buckle halfwaves
8Mx,8My, = variations in moments per unit length during

8Mxy,8Myx buckling
n = number of circumferential buckle waves
N — number of layers in multilayered shell
8Nx,8Ny,8Nxy = variations in in-plane forces per unit length

during buckling
NX,NV = applied axial and circumferential forces per

unit length
p = lateral pressure
P = axial load
R = radius to shell reference surface (Fig. 3)
Sn = compliances in strain-stress relations Eq. (2)
tk = thickness of fcth shell layer ,
8u,8v,8w = variations of axial, circumferential, and radial

displacements during buckling from a mem-
brane prebuckled shape

x,y,z = axial, circumferential, and radial coordinates
on shell reference surface (Fig. 3)

z = distance from stiffener centroid to shell refer-
ence surface (Fig. 3), positive when stiffener
on outside

ex,ey,7xy = in-plane axial, circumferential, and shear
strains

8ex,8ey,8yxy = variations in ex, ey, and yxy during buckling


